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INSTITUTE OF ECONOMIC STUDIES

Faculty of Social Sciences of Charles University
Portfolio Theory 
Lecturer’s Notes No. 1

Course: Portfolio Theory and Investment Management
Teacher: Oldřich Dědek 
I.   EXPECTED UTILITY 

theory of rational decision-making when people are faced with risk or uncertainty

decision-making under risk = occurrence of future outcomes is subject to some probability distribution

decision-making under uncertainty = occurrence of future outcomes cannot be described by some probability distribution

1.1  Risky and risk-free assets
risk-free (riskless) asset is the asset whose future value is invariant to the occurrence of diverse future states of the world
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risky asset is the asset whose future value depends on the occurrence of individual future states of the world
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1.2  Expected utility and risk aversion

investors always prefer more wealth to less, they seek to maximise their expected utility of future wealth

expected utility of future wealth is linear combination of the utilities of outcomes (i.e. wealth for all possible alternative choices)
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St Petersburg paradox

a gamble in which the investor wins 
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expected value of the game = 
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 €
investor is offered a choice between two alternatives

i) playing the game
ii) accepting 1 million euros for sure (or any other large amount of money) 
paradox: empirical evidence suggests that the inventor is likely to accept a large sum for sure even though he/she can play the game that yields unlimited expected wealth

solution: rational investors are not maximizing expected wealth but rather expected utility of wealth that is subject to declining marginal utility function  
♦
Utility function of a risk-averse investor
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expected value of risky investment = 
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utility of the expected value of risky investment = 
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risk aversion

investor with aversion to risk prefers the expected value of a risky investment for sure to the risky investment itself
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 aversion to risk is the consequence of declining marginal utility function (
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a person who prefers the gamble is a risk lover (he has an increasing marginal utility function)
a person who is indifferent is risk neutral (he has a constant marginal utility function)

measures of risk aversion

absolute risk premium is the maximum amount of wealth an individual would be willing to give up in order to avoid the risky investment
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certainty equivalent of the risky investment (CE) is the level of wealth that individual would accept with certainty if the risky investment was removed 
Measurement of risk premium[image: image270.wmf]i
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Pratt-Arrow measure of local risk aversion
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proof:
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the expression (
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the reciprocal value of the ARA is called the coefficient of risk tolerance  
relative risk premium is the maximum percentage amount of wealth an individual would be willing to give up in order to avoid the risky investment
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the expression (
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II.   DECISION-MAKING IN THE RISK-RETURN SPACE
utility functions are not directly observable that raises demand for a more practical approach

decision-making in risky environment is thus conventionally designed in the framework of two variables: - the asset’s return (expected rate of risky returns) 

- the asset’s risk (variability or volatility of risky returns)

2.1  Indifference map
indifference map is a collection of indifference curves that map out all combinations of risk and return providing investors with the same expected utility

- expected utility function is expressed as a function of expected rate of return 
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is expressed using the Taylor expansion around the expected return
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- Taylor expansion is substituted into the expected utility function 
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indifference curve is the function 
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i) indifference curve is increasing (assuming
[image: image39.wmf]0

'

'

'

=

u

) 



[image: image40.wmf]s

m

m

m

s

s

m

)

(

'

)

(

'

'

/

/

u

u

d

d

-

=

¶

F

¶

¶

F

¶

-

=



[image: image41.wmf]0

 

 

d

d

 

0

 

u´´

 

0,

 

 

'

>

Þ

<

>

s

m

u


ii) indifference curve is convex (assuming
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indifference curve is a function
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Indifference map in the risk-return space
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♦
Risk-return paradox
	
	Horrid
	Bad
	Average
	Good
	Great

	Probability
	0.2
	0.2
	0.2
	0.2
	0.2

	Project A
	3
	4
	5
	6
	7

	Project B
	3
	5
	7
	9
	11


returns from project B are equal to or greater than returns from project A in every state of nature (project B statistically dominates project A) ( no rational investor with positive marginal utility would prefer A

risk-return characteristics of both projects:
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 ( project A might be preferred for some risk-averse investor

source of the paradox: risk-return analysis relies on the assumption that no other statistics are necessary to describe the distribution of future outcomes from investment opportunities
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only normal distribution can be completely described by mean and variance (bell-shape probability distribution) 
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2.2  Compendium of risk-return calculus
a) one risky asset
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b) portfolio of risky assets
N … number of assets in a portfolio
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 … correlation coefficient between rates of return of assets i and j
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♦

A portfolio is composed of two risky assets with following features:
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manifestation of the diversification effect: by combining risky assets one can achieve a portfolio with a lower risk than are the risks of the assets of which the portfolio is composed
♦

c) matrix notation
volatility matrix V:









[image: image66.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

3

2

1

0

0

0

0

0

0

s

s

s

V


correlation matrix C:
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variance-covariance matrix VCV:
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weighting matrix W:
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portfolio risk
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2.3  Investment opportunity set

investment opportunity set (frontier) shows the risk-return trade-offs available to investors that are offered by various combinations of risky assets in a portfolio
a) perfectly correlated assets (
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investment opportunity set is a straight line in the risk-return plane
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 portfolio is formed completely by the asset 
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Investment opportunity set formed by two perfectly correlated assets[image: image301.wmf]1
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♦

If the returns of the two assets from the previous example are perfectly correlated, a resulting portfolio that preserves the assets’ weights (40 % and 60 %) will have following features:  
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Diversification effect is absent. 

♦

short-selling beyond the segment 
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 means that an investor borrows one of the assets and uses proceeds from its sale for buying the other asset 
short-selling is advantageous strategy if

i) a stock price is expected to decline in the future

ii) the stock price is expected to rise but there is another stock in a portfolio with a higher realised return

clarification of negative weights in case of short-selling
i) short selling is not available
- the initial amount I has been invested into the two assets of a portfolio
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- the assets generate rates of return
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- rate of return of the portfolio can be expressed as a weighted average of individual returns 
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both weights are positive: 
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ii) short selling is available
- a borrowed amount 
[image: image85.wmf]1

I

 of the first asset is sold and proceeds from sale are invested into the second asset, therefore 
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- a part of the return from the second asset must be used for buying back the borrowed amount of the first asset, therefore
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- rate of return of the portfolio is expressed as a weighted average of individual returns 
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some weights are negative: 
[image: image89.wmf]1

  

and

  

0

2

1

³

£

q

q


b) perfectly inversely correlated assets (
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the trade-off between risk and return is two line segments one with positive slope and the other with a negative slope

the segments intersect the vertical axis at a point of zero variance 
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Investment opportunity set formed by two perfectly inversely correlated assets[image: image320.wmf]F
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inefficient portfolio is a portfolio to which it is possible to find another portfolio that
 i) has the same volatility but is better in terms of expected return or 
ii) has the same expected return but is better in terms of volatility 
efficient portfolio is such a portfolio to which it is not possible to find another portfolio that either is better in terms of expected return (for a given risk) or is better in terms of risk (for a given expected return)
efficient investment opportunity set (frontier) is the set of all efficient portfolios
minimum risk portfolio is a portfolio with lowest variance among all available portfolios
♦

If the returns of the two assets from the previous example are perfectly inversely correlated, a resulting portfolio that preserves the assets’ weights (40 % and 60 %) will have following features:  
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Diversification effect is complete.  
♦

c) uncorrelated assets (
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the trade-off between risk and return is a parabola
a minimum risk portfolio H exists that can be found as a solution of the equations
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Investment opportunity set formed by two uncorrelated assets 
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the opportunity set has the efficient part (the upper part of the parabola) and the inefficient part (the lower part of the parabola)

♦

If the returns of the two assets from the previous example are uncorrelated, a resulting portfolio that preserves the assets’ weights (40 % and 60 %) will have following features:
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The weights of a minimum risk portfolio are following:
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♦
d) many risky assets
investment opportunity set is a collection of all risk-return pairs 
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 that correspond to some structure of weights in a portfolio composed of a given number of risky assets
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   for all 
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Investment opportunity set formed by many risky assets
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the efficient frontier is a curve (upper part of a parabola) that connects the minimum risk portfolio H and the asset A with the highest expected return
all interior portfolios and all portfolios corresponding to a lower part of the parabola are inefficient (dominated) portfolios
individual points of the investment opportunity set can be determined by solving programming problems
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e) one risk-free and one risky asset
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investment opportunity set is a straight line connecting the risk-free asset F and the risky asset R
Investment opportunity set with one risky and one riskless asset

 




at F the portfolio consists of only the riskless asset, at R the portfolio consists of only the risky asset
holding the riskless asset in portfolios between F and R is equivalent to lending money at the risk-free rate of return
portfolios situated beyond the point R represent short-selling of the riskless asset that is equivalent to borrowing money at the risk-free rate of return in order to buy the risky asset 

2.4  Capital Market Line (CML)
investment opportunity set in case of the risk-free asset and many risky assets is a straight line that goes from the risk-free asset and touches the efficient frontier generated by all risky assets
the tangent line is called the capital market line 
Capital Market Line






the tangent portfolio generates the steepest possible line when combined with the risk-free investment (the highest reward to volatility)
Sharpe ratio = 
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all risky portfolio except for the tangent portfolio M are dominated by some point of the CML
CML equation
intercept = riskless rate of return

slope = excess return of the tangent portfolio divided by the risk of the tangent portfolio
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risk premium (required for holding a portfolio) = market price of risk 
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 quantity of risk
current fair price of a portfolio = 
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♦

The tangent portfolio whose standard deviation is 30 % is expected to yield 18 %. The risk-free return is estimated at 9 %. What is the appropriate rate of return on a portfolio consisting of 20 % invested in the risk-free asset and 80 % invested in the tangent portfolio?
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 The same answer is provided by the formula
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♦

computing the tangent portfolio 
The task is to find the set of weights 
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subject to 
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First order conditions 
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 give a system of N linear equations for unknown quantities
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III.   CAPITAL ASSET PRICING MODEL (CAPM)
CAPM is the most important model for determining the market price of risk and the appropriate measure of risk: the equilibrium rates of return on all risky assets are a function of their covariance with the market portfolio

major contributors: William Sharpe (1964), Jack Treynor (1962), John Lintner (1965)

assumptions: 

- all investors exhibit the aversion to risk 

- investors can buy and sell all risky securities at equilibrium market prices (demand for each security equals its supply)

- inventors can borrow or lend at the risk-free interest rate

- investors hold only efficient portfolios of traded securities

- investors have homogeneous expectations regarding volatilities, correlations and expected returns (they perceive the same investment opportunity set)
- there are no taxes or other transactions costs

3.1  Market portfolio as a state of general equilibrium 
two funds separation theorem
- portfolios of all investors consist of different combinations of only two assets: 

a) the risk-free asset F and b) the tangent portfolio M
- all investors make selection only among portfolios that belong to the CML
- investors hold identical combinations of risky assets even though they have different attitudes toward risk
Optimal choice of risk-averse investors


optimality condition: indifference curve is tangent to the investment opportunity set (which is the CML) ( the subjective marginal rate of substitution between risk and return of an investor is equal to the objectively determined marginal rate of transformation along the risk-return investment opportunity set  
relationship between the tangent and the market portfolios
- the supply of all risky assets available in the market is called the market portfolio in which each risky security is represented by its market capitalisation,  
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- if each investor wants to hold a combination of the risk-free asset and the tangent portfolio then the resulting demand for the asset holding across all investors is also a combination of the risk-free asset and the tangent portfolio ( the aggregate portfolio of all investors corresponds to a point on the CML (the market is simply the sum of all individual holdings)
- in equilibrium asset prices will adjust so that the aggregate demand for each risky security must equal its aggregate supply and the aggregate borrowing must equal aggregate lending
- the equilibrium of the asset market thus coincides with the tangent portfolio (any other point on CML would imply imbalance between aggregate lending and borrowing) and the tangent portfolio must be the market portfolio (any other portfolio would mean imbalance between supply and demand for some risky asset)
- the coincidence of tangent and market portfolios allows computing the asset weights of the tangent portfolio by the assistance of directly observed market capitalisations of individual risky assets

- risk premiums of all efficient portfolios can be determined using the CML equation in which the
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 and 
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correspond to the expected return and the risk of the observable market portfolio 

3.2  Security Market Line (SML)
CML equation solves the problem of equilibrium pricing only for efficient portfolios (for combinations of the risk-free asset and the market portfolio)

CML: 
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SML provides the general answer to equilibrium pricing for all risky assets or risky portfolios

 SML:  
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[image: image130.wmf]PM
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…covariance between the risky and the market portfolio
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 … beta of the risky portfolio
beta of a security is the expected percentage change in the excess return of a security for a 1 % change in the excess return of the market portfolio
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derivation of the SML





a portfolio P consists of x % invested in a risky asset A and (1-x) % invested in the market portfolio M

the opportunity set provided by all combinations of the asset A and the market portfolio is a parabola with following properties:
 i) it connects the points A and M,
 ii) it is located in the interior of the aggregate investment opportunity set, 
iii) it touches the efficient opportunity set at the point M (otherwise a part of the parabola would lie outside the aggregate opportunity set)

the slope of the parabola at the point M is equal to the slope of the CML

a) expected return and risk of the portfolio P 
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b) risk-return trade-off secured by the portfolio P (slope of the tangent line for a given x) 
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risk-return trade-off at the point that corresponds to the market portfolio (P = M)
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risk-return trade-off at the market portfolio is equal to the slope of CML
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the last equation can be arranged into the formula called the security market line
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required rate of return from holding a risky asset is proportional to the beta of the asset ( quantity of risk is measured by the covariance with the market beta and not by the variance of the assets’ returns

Security market line


♦

Calculate the risk premium for a risky asset whose correlation with the market is 85 % and standard deviation 35 %. The market portfolio has expected return 15 % and standard deviation 20%. The risk-free rate of return is 5 %.
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♦ 
betas of specific assets:

riskless asset: 
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market portfolio: 
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efficient portfolio (points on CML):
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for efficient portfolios the SML is identical to the CML 
SML: 
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CML: 
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beta of a portfolio is equal to the weighted average of betas of assets from which the portfolio is composed: 
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♦

Paradox of an inappropriate measure of risk

	
	Annual
return
	Standard

deviation
	Beta

	A portfolio of shares
	11 %
	4 %
	1.1

	A share
	6 %
	8 %
	0.6


The risk of a share measured by standard deviation is twice larger than the risk of a portfolio of shares, but the annual expected return of the share is almost half to the expected return of the portfolio. The apparent paradox that a higher risk is not remunerated with a higher return should be explained by pointing to the fact that standard deviation is not the appropriate measure of risk. If beta is used as a measure of risk then the paradox disappears. 

♦
alternative derivation of the SML 
- computation of the market portfolio was based on the following first-order optimality conditions (
[image: image147.wmf]j
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 are weights of individual assets in the market portfolio)
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- summation of these equations multiplied by weights gives the expression
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- the equation can be solved for 
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- substitution of 
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 into initial equations gives
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3.3  Portfolio diversification
diversification effect occurs whenever a growing number of assets combined in a portfolio results in a lower risk of the portfolio

features of diversification:
- there is a limit of diversification and only some portion of total risk can be diversified away  

- if diversification effect can be achieved at zero cost (by simply adding more assets in a portfolio) then the equilibrium market prices do not take account of the risk that can be diversified away; investors are not compensated for holding diversifiable risk  
- the appropriate measure of risk for a single asset is its beta because this is the part of the total risk that is correlated with the market portfolio and cannot be removed by diversification 
diversification effect in an equally weighted portfolio

 
N … number of assets
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the variance term converges to zero ( this part of risk can be diversified away

the covariance term approaches the average covariance 
[image: image161.wmf]s

( this part of risk cannot be avoided 

total risk = non-diversifiable (systemic, market) risk + diversifiable (nonsystemic, specific, idiosyncratic, residual) risk
♦
Diversification effect can be demonstrated by random selection of shares added one by one into a portfolio. The standard deviation of the portfolio is declining as more shares are added randomly. Empirical research shows that almost all the diversification is obtained after the first 10 to 15 securities are randomly selected. 














♦
contribution of a single asset to total portfolio risk

correct definition of an individual asset’s risk is its contribution to the risk of overall portfolio (measured by a small change in the asset’s weight in the portfolio)


[image: image162.wmf])

~

,

~

(

COV

2

2

2

2

1

2

1

2

1

1

1

1

1

2

2

1

1

2

P

N

j

j

j

N

i

N

i

j

ij

j

i

N

i

i

i

P

R

R

=

+

=

=

÷

÷

ø

ö

ç

ç

è

æ

+

¶

¶

=

¶

¶

å

å

å

å

=

=

+

=

=

s

q

s

q

s

q

q

s

q

q

q

s


covariance risk measures the contribution of a single asset to total portfolio risk
3.4  Single-index model (empirical CAPM)
theoretical CAPM is a model of risk and return that describes the economy in the state of general equilibrium (rational investors maximising their welfare, balance between supply of and demand for all assets, etc.)

empirical CAPM or single-index model is an econometric approach that simply assumes that the return on any asset is a liner function of market return plus a random error term independent of the market

characteristic line of an individual asset
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expected rate of return, risk an covariance of an individual asset
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= systemic risk + non-systemic risk
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return and risk of a portfolio
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total risk of a portfolio is partitioned into systemic risk and non-systemic risk
requirements on a number of estimated variables:

variance-covariance approach: N variances 
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50 shares 
[image: image178.wmf]Þ

 1275 estimates

200 shares 
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 20100 estimates
single-index model: N coefficients 
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 + N residual risks
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50 shares 
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101 estimates, 200 shares 
[image: image184.wmf]Þ

 401 estimates
estimation of historical betas 
linear regression is the statistical technique that identifies the best fitting line through a set of points (standard least squares approach) 
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the formula for computing the regression coefficient 
[image: image186.wmf]i
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 is identical with the beta derived in the CAMP ( beta is the slope of the regression line and is called historical beta  
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historical beta is estimated on historical data while a “true beta” depends on future correlations and volatilities

♦

The variance (the total risk) of a portfolio is 35 %, the variance of the market portfolio is 25 % and the covariance between the two assets is 0.22. 
systemic risk = 
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nonsystemic risk = 
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The systemic part of the total risk of the portfolio amounts to 55 % (
[image: image191.wmf])
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and therefore the residual 45 % must be attributed to nonsystemic risk.
♦

estimation of fundamental betas 

fundamental beta is the output of the regression analysis in which the beta is made dependent on a number of selected characteristics of a firm: dividend yield, volume and growth of production, size of a firm, indebtedness, etc.

the forecast of the beta is based on forecasts of selected characteristics

the approach is based on the assumption of constant sensitivities of betas with respect to chosen characteristics of a firm
IV.   EXTENSIONS OF CAPM
4.1  No riskless asset
conclusion: the SML of the CAPM is still valid except that the rate of return on the risk-free asset has been replaced by the expected rate of return on the so called zero-beta portfolio

CAPM with no risk-free asset




- the empirically observed market portfolio M determines a line that touches the investment opportunity set and intersects the vertical axis at some point 
[image: image192.wmf]Z
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(the point 
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need not represent the rate of return on any existing riskless asset)

- the value 
[image: image194.wmf]Z

m

can be used for the same maximisation problem that has lead to the derivation of the SML (except that the rate of return on existing risk-free asset
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 has been replaced by a number
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), i.e. expected returns of all risky asset satisfy a modified SML equation
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- all points of the opportunity set that belong to the line 
[image: image198.wmf]Z

Z
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represent  existing risky assets for which the expected rate of return is
[image: image199.wmf]Z

m

, among all these assets the boundary point Z has the lowest risk 
- modified SML is valid for all existing risky assets including the boundary asset Z  
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the asset Z (as all other assets belonging to the line
[image: image201.wmf]Z

Z

m

) has zero beta, in other words zero covariance with the market portfolio M
- the SML as the key upshot of the CAPM can still be preserved under assumption that the rate of return on the risk-free asset can be substituted for the minimum variance zero beta portfolio 
practical limitations:
the modified CAPM relies heavily on the assumption that there are no constraints on short sales

otherwise it makes virtually impossible to construct a zero-beta portfolio in a world where almost all asset returns are positively correlated with the market

short selling allows making positive returns when the asset prices fall

 Roll’s critique
alpha of a security is a measure of the excess return on the security; it is equal to the difference between the actual rate of return on the security and its required or fundamental rate of return using the CAPM

positive alpha ( security is underpriced (oversold) ( the security is worth buying because its price is expected to rise

negative alpha ( security is overpriced (overbought) ( the security is worth selling because its price is expected to fall
Measuring abnormal returns of risky securities 







- there is nothing unique about the market portfolio in the derivation of the SML; any efficient portfolio E can be chosen for which a modified SML can be found using a minimum variance portfolio Z that is uncorrelated with the selected efficient index 
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- market portfolio is impossible to observe because it contains all assets (marketable and nonmarketable, human capital, houses, land, bonds, shares, etc.); in practice some proxies of market portfolio are available (i.e. stock indices)
- if performance of a security is measured relative to a proxy index then the observed departure from the empirical SML need not reflect true abnormal returns; CAPM should be used with caution as benchmark for measuring security performance
- Roll’s critique does not invalidate the logic of CAPM model but is skeptical about the possibility to test the model in real world
Practical implications of Roll’s critique





security A is overperforming relative to the proxy SML (its alpha is positive so it looks as worth buying) but is underperforming relative to the true SML (its true alpha is negative so it should be sold)
4.2  Different risk-free borrowing and lending rates

in the real world investors receive a lower rate when they lend (or save) than they must pay when they borrow 
[image: image203.wmf])
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conclusion: borrowers and lenders will choose different portfolios of risky securities so the market portfolio is no longer the unique efficient portfolio of risky investments chosen by all investors (two funds separation theorem is no longer valid)
Efficient frontier with different borrowing and lending rates
  





- investment opportunity set is composed of two segments
1. lenders who are effectively buying a risk-free asset (they save or lend the money at the rate
[image: image204.wmf]L

m

) are choosing combinations of the portfolio L and the risk-free lending asset (points on the segment
[image: image205.wmf]L

L

m

)

2. borrowers who are effectively selling short a risk-free asset (they borrow the money at the rate
[image: image206.wmf]B

m

 in order to buy the portfolio B) are choosing combinations of the portfolio B and the risk-free borrowing asset (outside the segment 
[image: image207.wmf]B
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) 

- market portfolio M is a combination of portfolios L and B and is also on the efficient frontier of risky investments (a combination of assets that are both efficient must be also an efficient assets)

- SML still holds for some rate 
[image: image208.wmf]m

 between 
[image: image209.wmf]L

m

 and 
[image: image210.wmf]B

m

 and for some corresponding zero-beta portfolio Z (uncorrelated with the market)

4.3  Other extensions
a) heterogeneous expectations
investors may not have the same information regarding expected returns, correlations and volatilities, so they will perceive different opportunity sets and will choose different portfolios

market portfolio is not necessarily an efficient portfolio 

b) existence of non-marketable assets
by law or regulation some assets are not marketable (typical for human capital - slavery is not allowed)

all assets are not perfectly divisible and traded at market that violates some of the assumptions of two funds separation theorem

c) returns not normally distributed

if returns are normally distributed then only two parameters – mean and variance - are needed to completely describe the probability distribution

practical obstacles to normal distribution:

- limited liability ( the largest negative return possible is minus 100 %

- empirical research shows that returns may have “fat tails” and no finite variance  
d) other generalisations 

inclusion of taxes, multi-period setting, monopoly power of some investors and other relaxations of restrictive assumptions
4.4  Arbitrage Pricing Theory (APT)
formulated by Ross (1976)

assumptions
- no arbitrage condition: all assets that are using no wealth and have no risk must earn zero return on average (perfectly competitive and frictionless capital markets)

- rate of return on any assets is a linear function of fundamental factors whose number is much smaller than the number of risky assets (no special role for the market portfolio)
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[image: image214.wmf]ik
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… sensitivity of returns (factor loading) of the asset i to the factor k
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derivation of the APT formula
- a rate of return on a portfolio containing all risky assets
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- the portfolio can be adjusted in such a way that eliminates all systemic and unsystemic risk
new weights of assets: 
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very small changes in weights: 
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additional portfolio return: 
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- elimination of unsystemic risk = a weighted average of independent error terms will approach zero in limit as N becomes large
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- elimination of systemic risk = by an appropriate rebalancing the weighted average of the systemic risk components for each factor can be made equal to zero (a number of assets N exceeds substantially a number of factors) 
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- the resulting change in the portfolio return after rebalancing   
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- the accomplished change in a portfolio has no risk and requires no new wealth, therefore it should yield the zero change in the expected rate of return
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- statement in linear algebra

if vector 
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ii) sensitivity vectors
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iii) the vector of expected returns
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then the expected return vector
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( the vector 
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 is a linear combination of the unit vector and sensitivity vectors
( numbers 
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- the vector equation can be rewritten for individual components 
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- a constant return on risk-free asset 
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 implies zero sensitivities to all factors that gives 
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- let 
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(k = 1, 2) denote the expected return on a portfolio with unit sensitivity to the factor k and zero sensitivity to all other factors; then
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 represents the risk premium for the systemic risk generated by the factor k
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- the APT equation for the asset i can be rewritten    
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- in case of only one risky factor the APT equation collapses to the CAPM’s security market line 

empirical estimates of APT
step 1: selection of common fundamental factors 
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step 2: on a given set of observations
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, t = 1,…, T, linear regression is used to estimate sensitivities 
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step 3: on a given set of estimated numbers
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, i = 1,…,N,  linear regression is used to derive coefficients
[image: image251.wmf]k

l

that fit the equation


[image: image252.wmf]i

iK

K

i

i

b

b

e

l

l

l

m

+

+

+

+

=

K

1

1

0


•





•





•





� EMBED Equation.3  ���








� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���W2




















� EMBED Equation.3  ���





M





B





•





L





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





Z








� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���


























� EMBED Equation.3  ���





•





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





•





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���











� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���











U





utility of expected value





•





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���Φ0





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���Φ0





� EMBED Equation.3  ���











� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





•





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���























CML











� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





Number of shares





Systemic risk





Nonsystemic risk

















� EMBED Equation.3  ���








•





•





•





expected utility 





� EMBED Equation.3  ���





•





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





M





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





F





•





•





proxy SML





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





true SML





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





























� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





Z





� EMBED Equation.3  ���





•





•





A





expected value





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���W2





U





� EMBED Equation.3  ���U





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���Φ0





� EMBED Equation.3  ���





� EMBED Equation.3  ���





•





� EMBED Equation.3  ���











� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





•





A








PAGE  
31

_1288421958.unknown

_1289456749.unknown

_1290408607.unknown

_1290580155.unknown

_1291358963.unknown

_1291524532.unknown

_1291710009.unknown

_1318351353.unknown

_1318351473.unknown

_1318351527.unknown

_1318351422.unknown

_1318351432.unknown

_1295330924.unknown

_1318351096.unknown

_1295330673.unknown

_1295330679.unknown

_1291710422.unknown

_1291526107.unknown

_1291529777.unknown

_1291530353.unknown

_1291530656.unknown

_1291530309.unknown

_1291529422.unknown

_1291524881.unknown

_1291525800.unknown

_1291524671.unknown

_1291360291.unknown

_1291523691.unknown

_1291523852.unknown

_1291524397.unknown

_1291523746.unknown

_1291360336.unknown

_1291523648.unknown

_1291360394.unknown

_1291360310.unknown

_1291359693.unknown

_1291359841.unknown

_1291359966.unknown

_1291359596.unknown

_1291186729.unknown

_1291356080.unknown

_1291357923.unknown

_1291358329.unknown

_1291358756.unknown

_1291357171.unknown

_1291354968.unknown

_1291355624.unknown

_1291354837.unknown

_1291009532.unknown

_1291184937.unknown

_1291184973.unknown

_1291009897.unknown

_1291184412.unknown

_1291009765.unknown

_1291004930.unknown

_1291008514.unknown

_1291008701.unknown

_1291007452.unknown

_1291008239.unknown

_1291006846.unknown

_1291006848.unknown

_1291006686.unknown

_1290753726.unknown

_1290754982.unknown

_1290756797.unknown

_1290757308.unknown

_1290756007.unknown

_1290753908.unknown

_1290754107.unknown

_1290752470.unknown

_1290753572.unknown

_1290753404.unknown

_1290752198.unknown

_1290750842.unknown

_1290750801.unknown

_1290494170.unknown

_1290576628.unknown

_1290579347.unknown

_1290580088.unknown

_1290579079.unknown

_1290578764.unknown

_1290575872.unknown

_1290576415.unknown

_1290575717.unknown

_1290488751.unknown

_1290489008.unknown

_1290490134.unknown

_1290490792.unknown

_1290489970.unknown

_1290488915.unknown

_1290408679.unknown

_1290408989.unknown

_1290408617.unknown

_1289971072.unknown

_1290058991.unknown

_1290059850.unknown

_1290404485.unknown

_1290404648.unknown

_1290059936.unknown

_1290404253.unknown

_1290059591.unknown

_1290059762.unknown

_1290059124.unknown

_1289976689.unknown

_1290056388.unknown

_1290058951.unknown

_1289977048.unknown

_1289974770.unknown

_1289975757.unknown

_1289976665.unknown

_1289975620.unknown

_1289973999.unknown

_1289974585.unknown

_1289972698.unknown

_1289459984.unknown

_1289549499.unknown

_1289970906.unknown

_1289970989.unknown

_1289801024.unknown

_1289803571.unknown

_1289539525.unknown

_1289545854.unknown

_1289549010.unknown

_1289549082.unknown

_1289539536.unknown

_1289539452.unknown

_1289539499.unknown

_1289461152.unknown

_1289458537.unknown

_1289459629.unknown

_1289459649.unknown

_1289458906.unknown

_1289458333.unknown

_1289458411.unknown

_1289456849.unknown

_1289457589.unknown

_1288934396.unknown

_1288975264.unknown

_1289365647.unknown

_1289367481.unknown

_1289370361.unknown

_1289370383.unknown

_1289370409.unknown

_1289367691.unknown

_1289370350.unknown

_1289367349.unknown

_1289367465.unknown

_1289365767.unknown

_1288977284.unknown

_1288977454.unknown

_1288977254.unknown

_1288975833.unknown

_1288937050.unknown

_1288937691.unknown

_1288943056.unknown

_1288937162.unknown

_1288936678.unknown

_1288936887.unknown

_1288935287.unknown

_1288673961.unknown

_1288773010.unknown

_1288852086.unknown

_1288853053.unknown

_1288853288.unknown

_1288855107.unknown

_1288853161.unknown

_1288852838.unknown

_1288852874.unknown

_1288852733.unknown

_1288852064.unknown

_1288677492.unknown

_1288678231.unknown

_1288678729.unknown

_1288679643.unknown

_1288678394.unknown

_1288677997.unknown

_1288676790.unknown

_1288673137.unknown

_1288673222.unknown

_1288673636.unknown

_1288673182.unknown

_1288424511.unknown

_1288425264.unknown

_1288673008.unknown

_1288425126.unknown

_1288422022.unknown

_1288422693.unknown

_1288423710.unknown

_1288422612.unknown

_1288421986.unknown

_1175343650.unknown

_1180421744.unknown

_1180422244.unknown

_1288421768.unknown

_1288421872.unknown

_1288421894.unknown

_1288421807.unknown

_1288250112.unknown

_1288421686.unknown

_1288421706.unknown

_1288250658.unknown

_1288251170.unknown

_1288251889.unknown

_1288250980.unknown

_1288250306.unknown

_1184483442.unknown

_1184483580.unknown

_1288249804.unknown

_1184483522.unknown

_1184483472.unknown

_1184224846.unknown

_1184225376.unknown

_1180422386.unknown

_1180422066.unknown

_1180422107.unknown

_1180422145.unknown

_1180422085.unknown

_1180421832.unknown

_1180422046.unknown

_1180421761.unknown

_1177778754.unknown

_1180420223.unknown

_1180420939.unknown

_1180421708.unknown

_1180420856.unknown

_1177779150.unknown

_1177779227.unknown

_1177779262.unknown

_1177778964.unknown

_1175516269.unknown

_1175597493.unknown

_1175680949.unknown

_1177778642.unknown

_1175598054.unknown

_1175598089.unknown

_1175598449.unknown

_1175597558.unknown

_1175516607.unknown

_1175597145.unknown

_1175516413.unknown

_1175348910.unknown

_1175514392.unknown

_1175516137.unknown

_1175512841.unknown

_1175346259.unknown

_1175347866.unknown

_1175348155.unknown

_1175347294.unknown

_1175347804.unknown

_1175345082.unknown

_1173103909.unknown

_1174737901.unknown

_1174908035.unknown

_1174910927.unknown

_1174987107.unknown

_1174991609.unknown

_1174991826.unknown

_1174987882.unknown

_1174911106.unknown

_1174909114.unknown

_1174738099.unknown

_1174738180.unknown

_1174821959.unknown

_1174907405.unknown

_1174823022.unknown

_1174738260.unknown

_1174821905.unknown

_1174737996.unknown

_1174737942.unknown

_1173852630.unknown

_1173854622.unknown

_1173855370.unknown

_1173852690.unknown

_1173266297.unknown

_1173699529.unknown

_1173268573.unknown

_1173104180.unknown

_1172408166.unknown

_1172578849.unknown

_1172670796.unknown

_1172999877.unknown

_1173001702.unknown

_1172998495.unknown

_1172998632.unknown

_1172999807.unknown

_1172998562.unknown

_1172998434.unknown

_1172998472.unknown

_1172581437.unknown

_1172667695.unknown

_1172581218.unknown

_1172581375.unknown

_1172581082.unknown

_1172409717.unknown

_1172410981.unknown

_1172410317.unknown

_1172409131.unknown

_1172408608.unknown

_1172408667.unknown

_1172408668.unknown

_1172408209.unknown

_1172059539.unknown

_1172407956.unknown

_1172407985.unknown

_1172408042.unknown

_1172407284.unknown

_1172407436.unknown

_1172407320.unknown

_1172407376.unknown

_1172407198.unknown

_1172407239.unknown

_1172404869.unknown

_1172407136.unknown

_1172058463.unknown

_1172059448.unknown

_1171888819.unknown

_1171976264.unknown

